It is shown that accurate upper and lower bounds to the eigenvalues of anharmonic oscillators can be obtained by means of the Rayleigh-Ritz variational method and two trigonometric basis sets of functions which satisfy Dirichlet and Von Neumann boundary conditions. Numerical results show that the Dirichlet basis set is more appropriate than the harmonic oscillator one for calculating eigenvalues and the value of eigenfunctions at the origin.
Introduction
The anharmonic oscillators 
have been widely studied during the last years due to their great usefulness in many branches of Physics and Chemistry [I] , [2] (and references cited therein). Several methods were proposed to obtain their eigenfunctions y/, and their associated eigenvalues Ej. One of them, which we are going to discuss here, is the Rayleigh-Ritz (RR) variational method.
As is well-known, it consists in approximating the 
These RR eigenvalues are upper bounds to the exact ones [3] , [4] , The natural basis set for the problem (1) seems to be the set of harmonic oscillator (HO) eingenfunctions, but we shall show here that this is not the best choice.
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In Sect. 2 we discuss some useful properties of two sets of trigonometric functions which obey Dirichlet (D) and Von Neumann (VN) boundary conditions. The RR eigenvalues provided by these basis sets are, under certain conditions, upper and lower bounds to the exact eigenenergies, respectively.
Further in Sect. 3, we show that these basis sets are more suitable than the harmonic oscillator eigenfunctions to calculate the eigenvalues of problem (1), especially when k is large enough. Besides, the convergence rate provided by the trigonometric functions when calculating *F,(0) is higher than the showed by the harmonic oscillator basis set.
Finally in Sect. 4, we discuss briefly the importance of the results obtained in previous sections as well as the possibility of applying the proposed procedure to more complex models which are of great interest in many areas of Physics and Chemistry.
Dirichlet and Von Neumann basis sets
When co -0 and k -> oo, the Hamiltonian (1) describes a particle of unit mass (ti = 1) moving inside a box of length L = 2 bounded with impenetrable walls. This fact suggests that the set of functions.
could be appropriate for studying the problem (1) when k is large. The superscript D means that cp® satisfies Dirichlet boundary conditions i.e.
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It is clear that cp® is the /th eigenstate of a particle in a box of length L = 2b. If {y/®) and [£?! (/'= 1,2, ...,N) are the approximate eigenfunctions and eigenvalues, respectively, obtained from the RR variational method, it can be demonstrated that [5] lim £?(&) = (6)
N.b^cc
Thus, if we use (4) to obtain the eigenvalues and eigenfunctions of (1) we are sure from (6) >?» = 0. (7) By means of the RR variational method we can obtain lower bounds too, if we use the basis set
Here the superscript VN means that cp™ satisfies Von Neumann boundary conditions
If \E)™\ and [i///™] are the eigenvalues and eigenfunctions obtained from the secular equations (3), it follows that y/™ will satisfy (9) for all TV-and bvalues and [8, 9] 
(lOd)
N,B->CC
The larger the A-and ^-values are. the closer is to Ej. Also in this case the exactness of the results can be tested by means of the virial theorem (7) [8. 9] , The aforementioned properties of the basis sets (4) and (8) lead to an efficient procedure to calculate the eigenvalues of problem (1) . It consists in solving the secular equations (3) for the two basis sets and increasing the values of N and b till both the virial theorem (7) and the equality £? = are fulfilled up to the desired degree of accuracy. To avoid large matrices one can work with even and odd functions separately. Tables I and II In general, and as we can see in Tables I and II , the 6-value for which convergence is reached becomes smaller while increasing k. Thus, the kinetic energy (x b~2) counterbalances the potential one (a b 2k ). The numerical calculations show clearly that the larger the k value, the better are the eigenvalues obtained with the trigonometric functions.
Results and Discussion
On the contrary, results obtained by means of the harmonic oscillator basis set become worse as k increases. This is due to the fact that for larger kvalues the potential function of (1) resembles the particle-in-a-box potential more than the harmonic oscillator one.
Although our RR eigenfunctions and eigenvalues satisfy both the virial theorem (7) and the equality £? = a/™, we have added, as another test of accuracy, the eigenvalues obtained by Hioe et al. [1] at the bottom of each table.
The results obtained with the trigonometric basis sets are better than those yielded by the harmonic oscillator eigenfunctions also when calculating quantities other than eigenvalues. In what follows, we discuss the success of the aforesaid basis sets in calculating ¥j(0) because these quantities possess an actual physical interest [10, 11] (and references cited therein).
In Table III 
In order to show that the Dirichlet basis set is better than the harmonic oscillator one for computing 0), we have calculated y/°(0) (A = 30) and t//, HO (0) (A = 30, 40). Results are shown in Table IV together with those provided by a scaled harmonic , x) ) reaches its minimum value. Table IV shows, beyond any doubt, that 0) converges more quickly to the exact value than (///^(O) and i0), when N increases. In fact, when passing from N = 30 to N = 40 the first eleven (we only show six in Table IV From the previous discussions we can conclude that Dirichlet basis set will be even more appropriate than the other ones for the remaining oscillators (k > 2).
In Table V we report the ^(Oj-values for several oscillators of the form (1). In each case the N-and b-\alues were chosen in order to achieve stability in the last figure. The conclusions obtained before allow us to assure that the results of Table V must be accurate up to the last decimal place reported. Once more, we see that the b value, beyond which results are stable, decreases when k increases. As far as we know, the !F,(0)-values shown in Table V have not been reported previously.
